In this paper, we extend the definition of the generalized projection operator π K : B * → K, where B is a reflexive Banach space with dual space B * and K is a nonempty, closed and convex subset of B and we study its properties and applications to solving variational inequality.  2004 Elsevier Inc. All rights reserved.
Introduction
Let B be a Banach space with dual space B * . As usual, ϕ, x , denotes the duality pairing of B * and B, where ϕ ∈ B * and x ∈ B. If B is a Hilbert space, ϕ, x denotes an inner product on B. Let K be a nonempty, closed and convex subset of B. The metric projection operator P K : B → K has been used in many areas of mathematics such as: optimization theory, fixed point theory, nonlinear programming, game theory, variational inequalities, and complementarity problems (see [10] [11] [12] [13] [14] [15] [16] [17] 19] ).
In 1994, Alber [1] introduced the generalized projections π K : B * → K and Π K : B → K from Hilbert spaces to uniformly convex and uniformly smooth Banach spaces and E-mail address: jli@shawnee.edu. studied their properties in detail. In [2] (1996), Alber presented some applications of the generalized projections to approximate solving variational inequalities and J. VonMeumann intersection problem in a Banach space. The subsequent development of this topic is given in [3] [4] [5] [6] [7] [8] [9] . In this paper, we extend the generalized projection operator π K : B * → K from uniformly convex and uniformly smooth Banach spaces to reflexive Banach spaces.
If B is a uniformly convex and uniformly smooth Banach space, the generalized projection operator π K : B * → K is a single valued mapping. In the next section, we see that if B is a reflexive Banach space, the generalized projection operator π K : B * → 2 K is a set valued mapping and we prove that if B is reflexive and strictly convex, then the generalized projection operator π K : B * → K is a single valued mapping. In this paper, since we study the case that B is reflexive Banach space, the properties and applications of the generalized projection operator π K are based on set valued mappings.
Preliminaries and definitions
Throughout the rest of the paper, except where specially indicated, we always assume that B is a reflexive Banach space with dual space B * and K is a nonempty, closed and convex subset of B. We follow the notations from [20] and [2] .
A Banach space (E, . ) is said to be smooth provided the limit lim t→0
x + ty − x t (1.1)
exists for each x, y ∈ B satisfying x = y = 1. In this case, the norm of B is said to be Gâteaux differentiable. The norm of B is said to be uniformly Fréchet differentiable (and B is said to be uniformly smooth) if the limit (1.1) is attained uniformly for each x, y ∈ B satisfying x = y = 1. Hilbert spaces, l p and L p , 1 < p < ∞, are examples of uniformly convex and uniformly smooth Banach spaces. The normalized duality mapping J : B → 2 B * is defined by
Without confusion, one understands that j (x) is the B * -norm and x is the B-norm. Many properties of the normalized duality mapping J have been studied. For the details, one may see Takahashi's book [20] or Vainberg's book [21] . We list some properties below for easy reference:
(J 1 ) for any x ∈ B, J (x) is nonempty, bounded, closed and convex; (J 2 ) for any x ∈ B and a real number α, J (αx) = αJ (x); (J 3 ) for any x, y ∈ B, ϕ ∈ J (x) and ψ ∈ J (y), ϕ − ψ, x − y 0; (J 4 ) for any x, y ∈ B, and ψ ∈ J (y), 2 ψ, x − y x 2 − y 2 ; (J 5 ) if B is strictly convex, J is one-to-one; (J 6 ) if B is reflexive, J is a mapping of B onto B * ; (J 7 ) if B * is strictly convex, J is a single valued mapping; (J 8 ) J is a continuous operator in smooth Banach spaces; (J 9 ) J is an uniformly continuous operator on each bounded set in uniformly smooth Banach spaces; (J 10 ) J is the identity operator in Hilbert spaces, i.e., J = I H .
In [2] , a functional V : B * × B → R is defined by the formula
It is easy to see that V (ϕ, x) 0. Thus the functional V : B * × B → R is nonnegative. Based on the functional V , a generalized projection operator π K : B * → K is defined on uniformly convex and uniformly smooth Banach spaces as follows (see [2] ).
Definition [2, Definition 6.2] . Operator π K : B * → K is called the generalized projection operator if it associates with an arbitrary fixed point ϕ ∈ B * the minimum point of the functional V (ϕ, x), i.e., a solution to the minimization problem
Furthermore, if B is a uniformly convex and uniformly smooth Banach space, the generalized projection operator π K is well-defined and it is a single valued mapping. It also has many interesting properties, such as, continuity. In order to compare to the known properties of the operator π K to new results described in this paper, we list below some of the properties of V and π K from [2] :
is convex with respect to ϕ when x is fixed and with respect to x when ϕ is fixed;
(viii) if the Banach space B is uniformly smooth, then for all ϕ 1 , ϕ 2 ∈ B * , we have
where
, and is the inverse function to g E that is defined by the modulus of smoothness for an uniformly smooth Banach space.
Without the properties of the convexity and smoothness of the Banach space, the generalized projection operator π K will lose some of the above properties and is not necessarily a single valued mapping. This is shown by the following Examples 1.2-1.4. 
It is well known that l 1 is neither reflexive nor strictly convex. Take
From the above inequalities, we see that V (θ, y) = 4 if and only if λ 3 = 0; that is, y ∈ co(x 1 , x 2 ). Hence we get
. From the above inequalities, we see that V (ϕ, y) = 1 if and only if λ 3 = 0, that is, y ∈ co(x 1 , x 2 ). Hence we get
The following example shows that if the Banach space is not reflexive, π K ϕ may be empty for some elements ϕ ∈ B * . Example 1.4. For any positive integer n, let e n ∈ l 1 such that its nth entry is (n + 1)/n and all other entries are 0. Let K = co{e 1 , e 2 , . . . , e n , . . .}, that is the closed convex hull. K is a closed convex subset of l 1 . Then we have π K θ = ∅. 
Proof. For every
x ∈ co{e 1 , e 2 , . . . , e n , . . .}, there exist α 1 , α 2 , . . . , α j ∈ [0, 1] and positive integers n(1) < n(2) < · · · < n(j) such that α 1 + α 2 + · · · + α j = 1 and x = α 1 e n(1) + α 2 e n(2) + · · · + α j e n(j ) . Then x = n(1) + 1 n(1) α 1 + n(2) + 1 n(2) α 2 + · · · + n(j ) + 1 n(j ) α j n(j ) + 1 n(j ) > 1.
.). We clam that there exists a sequence
In fact, for every n, let d n ∈ l ∞ such that its nth entry is n/(n + 1) and all other entries are 0. Since x m → x, as m → ∞ in l 1 , then x m → x weakly, as m → ∞. We have
It is clear that λ n 0, for all n. Let
it implies ∞ n=1 λ n = 1. Since λ n 0, for all n, the above equality implies x = ∞ n=1 n+1 n λ n > 1. Hence we obtain x > 1 for all x ∈ K. It implies
Now we have
Combining (1.4) and (1.3), we obtain π K θ = ∅. 2
Properties of the generalized projection π K
From Example 1.4, we see that π K ϕ may be empty for some ϕ ∈ B * . The following theorem provides the existence property of the operator π K for reflexive Banach spaces. Proof. At first, we assume that K is bounded. For any point ϕ ∈ B * and any point x ∈ B, from property (iii) of the functional V , we have
It implies that for any fixed point
Since B is reflexive and K is a nonempty bounded closed convex subset of B, it is weakly compact. It yields that there exist a subsequence of {x n }, without loss of generality we assume that the subsequence of {x n } is itself, and a point x 0 ∈ K, such that x n → x weakly as n → ∞. From the properties of weakly convergence, we have x 0 lim inf n→∞ x n . Now we have
Thus we have x 0 ∈ π K ϕ, therefore π K ϕ = ∅. Secondly, we assume that K is unbounded. For any r > 0, we denote B(θ, r) = {x ∈ B: x r}, where θ is the origin of B. In this case, we can find R > 0 such that
Combining (2.2) and (2.3), we obtain
It is clear that K ∪ B(θ, 4R) is a nonempty, bounded, closed and convex subset of B.
According to the first case, there exists 
If B is also smooth, then for any given point ϕ ∈ B * , x ∈ π K ϕ, the following inequality holds:
Consequently, π K is the conditionally nonexpansive operator relative to the functional V in Banach space, that is,
is a nonempty, closed, convex and bounded subset of K.
Proof. (π1)
For any point ϕ ∈ B * , from Theorem 2.4, π K ϕ is nonempty. The bound property of π K ϕ can be reduced from the inequality V (ϕ, x) ( x − ϕ ) 2 . Next we prove that π K ϕ is closed. Suppose {x n } ⊆ π K ϕ and x n → x 0 as n → ∞. Similarly to the proof of Theorem 2.4, we have
Thus x 0 ∈ π K ϕ, and therefore π K ϕ is closed. Finally, we prove that π K ϕ is convex. Suppose x 1 , x 2 ∈ π K ϕ, K and 0 λ 1, from the convexity property (ii) of the functional V , we have
(π2) The theorem follows from the equality V (j (x), x) = 0 and the nonnegative property of the functional V .
(π3) The proof is the same as the proof of Property 6.b in [2] .
(π4) (Part I) For any given ϕ ∈ B * , x ∈ K, suppose there exists j (x) ∈ J (x) such that ϕ − j (x), x − y 0, for all y ∈ K. Then for all y ∈ K, we have
It implies x ∈ π K ϕ.
(Part II) If B is reflexive, then B is smooth if and only if B * is strictly convex. It is known that if B * is strictly convex, then J is single valued (see property (J 7 )). For any x ∈ π K ϕ, λ ∈ (0, 1] and any y ∈ K, noting that K is convex, we have
For any λ ∈ (0, 1], we apply J (λy + (1 − λ)x) and we have
We obtain
From the property
we see that the set {J (λy + (1 − λ)x): λ ∈ (0, 1]} is bounded, for any fixed x, y ∈ K. Then there exists a subsequence {J (λ i y + (1 − λ i )x} such that λ i → 0 and J (λ i y + (1 − λ i )x → ψ, w * -weakly, as i → ∞, for some ψ ∈ B * . From the w * -convergence property, we have
and ψ, z = lim i→∞ J (λ i y + (1 − λ i )x), z , for any z ∈ K. Particularly, we have
Since ψ x ψ, x = x 2 , it implies ψ x . (Here we may assume that x = 0. It is easy to see that Part II is true if x = 0.) Combining the last inequality and the inequality (2.4), we get ψ = x . We obtain ψ, x = x 2 = ψ 2 .
It yields that ψ = J (x). (We see that J (x)
does not depend on y.) Applying the w * -convergence property again and the inequality (2.4), we have
Property (π4) is proved.
Remark. Since B is reflexive and smooth and then J is demicontinuous and hemicontinuous at the same time, the simpler proof of [2] can be used in this case.
(π4) This property follows immediately by combining Parts I and II in (π4).
(π5) Assume x 1 , x 2 ∈ π K ϕ and x 1 = µx 2 , for some real number µ = 1. Then we have
Replacing x 1 by µx 2 in above equality, we have
Since µ = 1, it yields
From the convexity property of π K ϕ, we know x 3 ) , similarly to the above argument, we get
That is a contradiction to the hypothesis µ = 1. Thus property (π5) is proved.
(π6) At first we prove that it there exists ϕ ∈ B * such that π K ϕ is not a singleton, then B is not strictly convex. Assume x 1 , x 2 ∈ π K ϕ, for some ϕ ∈ B * . Then we have V (ϕ,
Combining (2.5) and (2.6), we get
This implies
Hence we have
Taking λ = 1/2, we get
From property (π5), we know that there is no pair of linear dependent elements in π K ϕ. Hence the above equality shows that B is not strictly convex. Secondly, we prove that if B is not strictly convex, then there exists ϕ ∈ B * such that π K ϕ is not a singleton. For the task of this proof, Examples 1.2 and 1.3 are not sufficient as counter examples. It is because that l 1 is neither strictly convex nor reflexive. But property (π6) is under the condition that B is reflexive.
Assume that B is not strictly convex. There exist x 1 , x 2 ∈ B such that x 1 , x 2 are linearly independent and satisfy x 1 = x 2 = 1 and
Let K = co(x 1 , x 2 ). We claim that there exists ϕ ∈ B * satisfying π K ϕ = co(x 1 , x 2 ). In fact, since B is reflexive, so is B * . From James theorem, for the element (x 1 + x 2 )/2, there exists ϕ ∈ B * satisfying ϕ = 1 and ϕ, (
(2.9)
It gets that 1 = ϕ, x ϕ x = x . It is clear that
It yields x = 1. Now applying (2.9) and the last equality, we have
Noting the nonnegative property of the functional V , (2.10) implies that x ∈ π K ϕ, for every x ∈ K. We obtain π K ϕ = co(x 1 , x 2 ). Of course, π K ϕ is not a singleton. Thus property (π6) is proved.
(π7) From Property (π4) , we have ϕ 1 − J (x), x − y 0 and ϕ 2 − J (x), x − y 0, for all y ∈ K. It implies
Applying property (π4) again, we obtain x ∈ π K (λϕ 1 
(π8) Since B is also smooth, then for any given ϕ ∈ B * , x ∈ π K ϕ, from property (π4), we have
Rest of the proof is same with the proof of Property 6.h in [2] . 2
Reflexive, strictly convex and smooth Banach spaces
In this section, we study the case where B is a reflexive and strictly convex Banach spaces. Since a uniformly convex Banach spaces is reflexive and strictly convex, the case we will study in this section is more general than uniformly convex case that Alber studied in [2] . Proof. Since B is a reflexive, strictly convex and smooth Banach space, from property (π6), π K is single valued because. Suppose ϕ n → ϕ, as n → ∞, and suppose π K (ϕ n ) = x n , and π K (ϕ) = x, for n = 1, 2, 3, . . . From the inequalities
and the hypothesis that ϕ n → ϕ, as n → ∞, it yields that {x n } is a bounded subset of B.
Since B is reflexive, there exists a subsequence of {x n }, without loose of the generality, we may assume it is itself, such that x n → x weakly, as n → ∞. Similar to the proofs of Theorem 2.1 and property (π6), we can show
For any λ ∈ [0, 1], one has λx
Therefore,
Similar to the above argument, from inequality V (ϕ n , x n ) V (ϕ n , x), we get
Adding the above two inequalities side by side, we obtain
If we use the inequalities V (ϕ, x) V (ϕ, x n ) and V (ϕ n , x n ) V (ϕ n , λx + (1 − λ)x n ), similar to the above argument, we obtain
In (3.1) and (3.2), taking λ = 1/2, we have
From the conditions that ϕ n → ϕ, as n → ∞ and x n → x weakly, as n → ∞ and combining (3.4) and (3.5), it yields
Since x n → x weakly, as n → ∞ and B is reflexive and strictly convex, we obtain x n → x, as n → ∞. Thus this theorem is proved. 2
We recall the definition of variational inequality. Let K be a nonempty, closed and convex subset of B and let f : K → B * be a mapping. The variational inequality defined by the mapping f and the set K is
The property (π6) in previous section shows that the operator 
To study the variational inequality (3.6), one may use the Fan-KKM theorem [14] or use the technique of exceptional family of elements if K is a closed convex cone (see [12, 13, 16] ). We recall some definitions below.
A nonempty subset K of B is called a closed point convex cone if K is closed and the following properties are satisfied:
The dual cone of a closed point convex cone K is denoted by K * . It is a subset of K * and it is defined as
We recall that a mapping T : B → B is completely continuous if T is continuous and for any bounded set D ⊂ B, T (D) is relatively compact. A mapping f : B → B is said to be a completely continuous field if f has a representation f (x) = J (x) − T (x), for all x ∈ B, where T : B → B is a completely continuous mapping.
We say that a family of elements {x r } r>0 ⊂ B is an exceptional family of elements for a completely continuous field f (x) = J (x) − T (x) with respect to a convex cone K, if and only if, for every real number r > 0 there exists a real number µ r > 1 and x r ∈ K such that (e 1 ) x r → ∞ as r → ∞; (e 2 ) µ r x r ∈ K and T (x r ) − J (µ r x r ), µ r x r ) − y 0 for all y ∈ K.
The Leray-Schauder type alternative Theorem plays an important role to solve the variational inequality (3.6) if one uses the techniques of exceptional family of elements.
Leray-Schauder type alternative Theorem. Let X be a closed subset of a locally convex space E such that 0 ∈ int(X) and f : X → E a compact set-valued mapping with nonempty compact contractible values. If f is fixed point free, then it satisfies the following LeraySchauder condition:
The following theorem generalizes the main theorem in [16] and [17, Theorem 3.1] from uniformly convex and uniformly smooth Banach space to reflexive, strictly convex and smooth Banach spaces and the mapping is defined only on an arbitrary closed convex cone. 
It is clear that the fixed point of the mapping Φ K is in K.
Assume that the mapping Φ K has no fixed point in K. Define a mapping Φ from B to B as follows:
for any x ∈ B, where P K : B → K is the metric projection operator.
We see that the fixed points of the mapping Φ, if it has one, must be in K.
are the sets of the fixed points of Φ K and Φ, respectively. Since the fixed point of the mapping Φ K must be in K, then the hypotheses that the mapping Φ K has no fixed point in K implies that the mapping Φ has no fixed point.
The property (J 8 ) shows that J is a continuous operator on smooth Banach spaces. Theorem 3.1 in this section proves that the generalized projection operator π K is continuous because B is a reflexive, strictly convex and smooth Banach space. In [17] , the present author proved that if B is a reflexive, strictly convex and smooth Banach space, then the metric projection operator P K : B → K is continuous. Since T is completely continuous, it yields that the operator Φ is compact and u.s.c.
For any r > 0, we define the closed convex set
It is clear that the set D r has a nonempty interior and 0 ∈ int(D r ).
The property that the mapping Φ has no fixed point in K implies that the mapping Φ has no fixed point in D r , for any r > 0. As Φ is restricted to D r , applying the Leray-Schauder type alternative Theorem, we have that there exist x r ∈ ∂D r and λ r ∈ (0, 1) such that x r = λ r Φ(x r ) = λ r π K (T (P K (x r )) ), that is, (1/λ r )x r = Φ(x r ) = π K (T (P K (x r )) ). Since π K (T (P K (x r ))) ∈ K and K is a cone, we have x r ∈ K. Then we obtain P K (x r ) = x r . Therefore, (1/λ r )x r = Φ(x r ) = π K (T (x r ) ). Let µ r = 1/λ r , for all r > 0. That is µ r x r = π K (T (x r ) ). From property (π4), we get T (x r ) − J (µ r x r ), µ r x r − y 0, for all y ∈ K. Since x r ∈ ∂D r and K is a cone, it yields that x r = r, µ r > 0 and µ r x r ∈ K, for all r > 0. These properties imply that {x r } is an exceptional family of elements of f with respect to K. This theorem is proved. 2
Since Hilbert spaces and uniformly convex and uniformly smooth Banach spaces are special reflexive, strictly convex and smooth Banach spaces, the following corollaries follow immediately from Theorem 3.3. Comments: For a given VI(f, K) problem, after we prove the existence of its solution, we may use a Mann type scheme to approximate it (see [16] ). Techniques of Mann type sequence can be found from [15] and [18] . Meanwhile, in [1] , Alber used an iterated sequence to approximate the solution under some conditions.
